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50 Solutions to Exercises

10 10 11 0 1 0 0 ,
27 (a) , , , , (b) All 8 matrices areR’s !
0 1 0 0 0 0 0 0 0 0
28 One reason thak is the same ford and—A: They have the same nullspace. (They
also have the same row space. They also have the same column space, but that is not

required for two matrices to share the safeR tells us the nullspace and row space.)
29 The nullspace oB = [A A] contains all vectors: = y for y in R%.
-y
30 If Cx = 0thenAz = 0 andBx = 0. SON(C) = N(A) N N(B) = intersection
31 (a) rankl (b) rank2 because every row is a combination(©f2, 3,4) and(1,1,1, 1)
(c) rankl because all columns are multiples(af1,1)
R ATy =0y —yst+ya=—yi+y++ys = Y2+ ys+ys = Y1 —ys — Y6 = 0.
These equations add o= 0. Free variablegs, ys, ys: watch for flows around loops.
The solutions tod™y = 0 are combinations af-1,0,0,1, —1,0) and(0,0, -1, —1,0, 1)

and(0,—1,0,0,1,—1). Those are flows around tl3esmall loops.

33 (a) and (c) are correct; (b) is completely false; (d) is false bec&uséght havel’s

in nonpivot columns.

1 20
Ry O Zero rows go
34 Ry=|0 0 1| Re=[Ra Ra] Rc— —
0 Ra to the bottom
0 00

0 I
35 If all pivot variables come last theR = . The nullspace matrix i8/ =
0 0 0

36 |think Ry = Ay, Ry = A, istrue. ButR; — R, may have—1's in some pivots.

37 A andAT have the same rank= number of pivots. Bupivcol (the column number)
0 10
is 2 for this matrixA and 1 forAT: A= {0 0 0

0 0O
38 Special solutions itV =[—-2 —4 1 0; -3 —5 0 1] and[1 0 0;0 —2 1].
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100 Solutions to Exercises

0 10
C=10 0 1| Noticethe tracé = 1 + 2 + 3 and determinarti = (1)(2)(3).

6 —11 6

21 (A — M) has the same determinant @ — \I)T because every square matrix has
det M = det M™. Pick M = A — M.

1 0 1 1| havedifferent
and

1 0 0 0| eigenvectors

22 The eigenvalues must be= 1 (because the matrix is Markow), (for singular),—%

(so sum of eigenvalues trace= %).

93 0 0 0 1 -1 1 Always A? is the zero matrix if\ = 0 ando,

10 0 0 11| by the Cayley-Hamilton Theorem in Problem 6.2.30.
24 )\ = 0,0, 6 (notice rankl and trace6). Two eigenvectors ofiv™ are perpendicular to
v and the third eigenvectoris: 1 =(0,—-2,1), z2=(1,—-2,0), z3=(1,2,1).
25 When A and B have the same \'s andxz’s, look at any combinatiom = ¢z +

<o+ 4+ cpx,. Multiply by A andB: Av = ci Nz, + -+ + e\, €qQuals By =

ATy + -+ cp Ay, for all vectors v. SoA = B.

26 The block matrix has\ = 1, 2 from B and\ = 5, 7 from D. All entries of C' are
multiplied by zeros inlet(A — AI), soC' has no effect on the eigenvalues of the block

matrix.

27 A has rank 1 with eigenvalu@s0, 0, 4 (the 4 comes from the trace df). C' has rank
2 (ensuring two zero eigenvalues) afid1, 1,1) is an eigenvector with = 2. With

trace 4, the other eigenvalue is alse= 2, and its eigenvector igl, —1,1, —1).

28 Subtract from0,0,0,4 in Problem27. B = A -1 hasA = -1, -1, -1, 3 and
C=1- Ahas) =1,1,1,—-3. Both havedet = —3.

29 Aistriangular:\(A) = 1,4,6; A\(B) = 2,v/3, —V/3; C has rank one A(C) = 0,0, 6.

Download full file from answersun.com



https://answersun.com/download/solutions-manual-of-introduction-to-linear-algebra-by-strang-5th-edition/

120 Solutions to Exercises

eig( K, M) without actually invertingl/.) All eigenvalues\ are positive:

STx = \x gives(Tx) " STx = (Tx) " \z. Then\ = 2T STz /=" Tx > 0.

34 The five eigenvalues ok are2 — 2 cos & = 2 — /3,2 - 1,2,2+ 1,2+ V3.

The product of those eigenvaluesis- det K.

35 Putparentheses in' ATC Az = (Az)TC(Az). SinceC is assumed positive definite,
this energy can drop to zero only whder = 0. SineA is assumed to have independent
columns,Az = 0 only happens whem = 0. ThusATC A has positive energy and is

positive definite.

My textbooksComputational Science and Engineeriagd Introduction to Ap-
plied Mathematicstart with many examples of ' C 4 in a wide range of applications.

| believe this is a unifying concept from linear algebra.

36 (a) The eigenvectors of;1 — S ared; — A1, A1 — Aa,..., A1 — A\,,. Those are> 0;

A1 — S is semidefinite.
(b) Semidefinite matrices have eneegly (A1 — S) x> > 0. Then\;zTx > 2T Sx.

(c) Part (b) saye' Sz/xTx < \; for all . Equality at the eigenvector withz =
/\13’3.
37 EnergyxzTSx = a (x1+zo+23)%+c(va—1x3)% > 0if a > 0 ande > 0: semidefinite.

The matrix has rankl 2 and determinant 0; cannot be positive definite for amyand

C.

1 B=GCG '=GFY'AFG~1soM=FG~. C similarto A andB = A similar to B.
oy, . . 3 0 _ 0 1

2 A= is similar toB = = M-YAM with M =
0 3 0 1 1 0
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160 Solutions to Exercises

1 Eigenvalues\ = 1 and .75; A — I)x = 0 gives the steady state = (.6, .4) with

Ax = x.
6 —1(]1 1 1 6 —1(]1 0 1 1 .6 .6
2 A= TA® = = .
4 1 50 |—4 .6 4 —-1(]0 0]|—-4 .6 4 4

3A=1and8, z=(1,0);1and—.8, =z =(5,%); 1,1,and:, = = (1,1, 3).

4 AT always has the eigenvectér, 1,...,1) for A = 1, because each row of" adds
to 1. (Note again that many authors use row vectors multiplying Markov matrices.

So they transpose our form df.)
5 The steady state eigenvector for= 1is (0,0, 1) = everyone is dead.

6 Add the components oz = Az to find sums = As. If A # 1 the sum must be = 0.

i . .6+ .4a .6— .6a ) a<l1
7 (.5)F — 0 givesA* — A><; anyA = with
4 —.4a 4+ 6a 4+ 6a>0

8 If P =cyclic permutation and, = (1,0, 0,0) thenu; = (0,0, 1,0); us = (0,1,0,0);
uz = (1,0,0,0); uqg = up. The eigenvalues, i, —1, —i are allon the unit circle. This

Markov matrix contains zeros;@ositivematrix hasonelargest eigenvalug = 1.

9 M? is still nonnegative;[1 --- 1]M = [1 --- 1] so multiply on the right by\/
tofind[1 --- 1]M2?=[1 --- 1] = columns ofM? add to 1.

10 A =1anda + d — 1 from the trace; steady state is a multiplelaf= (b, 1 — a).

11 Lastrow.2,.3,.5makesd = AT;rowsalsoaddtolsd,...,1)isalso an eigenvector

of A.

12 B has\ = 0 and—.5 withz; = (.3, .2) andzy = (—1,1); Ahas\ = 1s0A — I has

A = 0. e~ approaches zero and the solution approache€¥x, = cix;.

13 « = (1,1, 1) is an eigenvector when the row sums are eqdal;= (.9, .9, .9)
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