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1. We have
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Assuming that -2 590 am = gx 57> it follows that & 5 = gmﬁ, which is the one dimensional
wave equation with ¢ = 1. A similar argument shows that v is a solution of the one
dimensional wave equation.

2. (a) For the wave equation in w, the appropriate initial conditions are u(z, 0) =
f(z), as given, and wu;(x,0) = —vgz(x, 0) = h'(z). (b) For the wave equation in
v, the appropriate initial conditions are v(z, 0) = h(z), as given, and v;(z,0) =
—ug(x, 0) = f'(z).

3. Uy = F'(z+ct)+G"(x+ct), uy = AF"(x +ct) + Gz — ct). So uy = ¢y,
which is the wave equation.

4. (a) Using the chain rule in two dimensions:

ou _ uda 05 Ou Ou
ox Oadxr 0B 0xr Oa I0
0%u 0 (Ou  Ou
o 8_x(_a+%>

Pu | P | P o
0B0a  O0adf = 0B3?

0%u Pu Pu

902 + 285804 + 8—62

Similarly
Ou _ Ouda w05 _ 0w ou
o  oaot  agot ‘oa ‘08
0%u 0 ([ Ou ou
— = —|(c——c—
ot? ot \ Oa o
2 2 2 2
_ @0 _p 0, 0w 0
Oa? 0B 0adp 032
2 2 2
_ 20U 0 0u | 20u
oa? 060« 03?2
Substituting into the wave equation, it follows that
0%u 0%u 0%u 0%u 0%u 0%u 0%u
207U o 207U 207U, 207U —0
“oa2 T2op0a "o = “oa opoa T 0@ T dadp "
(b) The last equation says that 8—“ is constant in a. So
ou
% =9(B)

where g is an arbitrary differentiable function.

(c) Integrating the equation in (b) with respect to 3, we find that u = G(8) + F (),
where G is an antiderivative of g and F' is a function of « only.

(d) Thus u(z, t) = F(x + ct) + G(z — ct), which is the solution in Exercise 3.

5. (a) We have u(x, t) = F(z + ct) + G(x — ct). To determine F' and G, we use
the initial data:

1 1
F
s = F@)+66) =

u(z, 0) = (1)



https://answersun.com/download/

solutions-manual-of-partial-differential-equations-with-fourier-series-and-boundary-value-problems-by-asmar-2nd-edition/

Section 2.1 Periodic Functions 13

Solutions to Exercises 2.1
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1. (a) cosw has period 2r.  (b) cos 7z has period T = 252 = 2. (c) cos 2 has
period T' = 22/”3 =3m.  (d) cosx has period 27, cos 2z has period m, 27, 37,:. A
common period of cosx and cos 2z is 27. So cos x + cos 2z has period 27r

2. (a) sin 77wz has period T = 22 = 2/7.  (b) sinnwz has period T = 2Z = 2,
Since any integer multiple of T’ 1s also a per1od we see that 2 is also a per1od of
sinnmz.  (c) cosmz has period T = 2. Since any integer multiple of T is also

a period, we see that 27 is also a period of cosma. (d) sinz has period 27, cosx
has period 27; cosx + sin so has period 2. (e) Write sin® 2z = 1 — COS“ The
function cos4z has period T = %T’T =3. S0 sin? 2z has period 5

3. (a) The period is T' = 1, so it suffices to describe f on an interval of length 1.

From the graph, we have
|0 iff%§x<0,
f(‘r){1 ifo<w<i

For all other x, we have f(x + 1) = f(z).

(b) f is continuous for all = # %, where k is an integer. At the half-integers,
z = ZEH  using the graph, we see that limy_,+ f(h) = 0 and limj,_,- f(h) =
1. At the integers, x = k, from the graph, we see that lim,_,,+ f(h) = 1 and
limy,_,,~ f(h) = 0. The function is piecewise continuous.

(c) Since the function is piecewise constant, we have that f/(z) = 0 at all z # %,
where k is an integer. It follows that f’(z+) = 0 and f'(z—) = 0 (Despite the fact
that the derivative does not exist at these points; the left and right limits exist and
are equal.)

4. The period is T' = 4, so it suffices to describe f on an interval of length 4. From
the graph, we have

Fa) = Tz +1 if —2<2<0,
Tl —z4+1 if0o<a<2

For all other x, we have f(z 4+ 4) = f(z). (b) The function is continuous at all z.
(¢) (c) The function is differentiable for all = # 2k, where k is an integer. Note that
/! is also 4-periodic. We have

o1 i —2<az <0,
f("’”)—{—1 if0<z<2

For all other x # 2k, we have f(x +4) = f(x). If x = 0, 4, £8, ... , we have
f'(z+)=1and f(xz—) = —1. If = £2, £6, £10, ... , we have f'(z+) = —1 and
Fl—) = 1.

5. This is the special case p = 7 of Exercise 6(b).
6. (a) A common period is 2p. (b) The orthogonality relations are

p mnx nwx
/ cos cos—dx=0 ifm#n, mn=0,1,2,...;
L p p

P mmx | nwx .
sin sin—dr=0 ifm#n, mn=1,2...;
—p P

P
/ cos 2 in ™ g =0 forallm=0,1,2,..., n=1,2,....
- p p

These formulas are established by using various addition formulas for the cosine
and sine. For example, to prove the first one, if m # n, then

p mnx nwr
cos cos — dx
p

-p

P _
= l/ [cos (m + n)mz + cos (m n)wx] dz
2/, p p
— P
= 1 b sin (m + n)mz + P sin (m = n)rz ’ =0.
2 lm+n)m P m—n)m P —p
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Hence

x| sin[(2k + 1)7x]

1 4] cos[(2k+ 1)
f(x):§+?kzo[‘ T2k 1 1)

22. From the graph, we have

2k+1

e +1 i —1<2<0,
f(‘”){1 if0<a<1.
So
1 if —1<2<0,
f(x)_{ l—z if0<z<l
hence
f(x),f(xwrf(*x), §+1 if —1<z<0,
e 2 | 1-% ifo<z<],
and
M@:M:% (-1 <z <1).
As expected, f(x) = fe(z) + fo(x). Let g(z) be the function in Example 2 with
p=1and a =1/2. Then f.(x) = g(z) + 1/2. So from Example 2 with p = 1 and

a =1/2, we obtain

11 2 & 1
fe(CC) = 54’1 W—ZWCOS[(Zk—‘rl)T{':C]

Il
o
+
>lw|[\;
M8
©
S

()

-
1)

5 cos[(2k + 1)7z]

cos(nmx) +

cos[(2k + 1)mx].

8

n+1

ﬂw

~———— sin(nmx).

3
Il
-

n+1
sin(nmx)

ﬂw

R

(~1)"

- sin(nmx).

Let’s illustrate the convergence of the Fourier series. (This is one way to check that

our answer is correct.)

f[x ] =Which[x< -1, 0,

(-1) A (k+1) /kSin[k Pix],

-1<x<0,
s[n_,x ]=3/4+ 1/PiSum[(1-(-1)Ak)/ (PikA2) Cos[kPix]+

Plot[Evaluate[{f[x], s[20, x]}1, {x, -1, 1}]

x+1,0<x<1, 1, x>1, 0]

{k, 1, n}];

A\

V

05
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Sine series:

2 [P . nrx 2 p nwa nmb
bp = — sin — dxr = —— | cos — — cos — | ;
P Ja p pnm p p

thus the odd extension has the sine series

2.1 ( nwa mrb) . nwx
:—Z— cos—fcos— sin ——.
T 4~n D D

6. The even extension is the function f;(x) = cosx for all . Hence the Fourier
series expansion is just cosx. For the odd extension, we have, for n > 1,

2 [T ]
b = ;/0 cos z sin nx dx

_ 2 [cos(l —n)x B cos(1 +n)x} -

™l 20 -n) 2(1+mn) Jlo
e
B W[(l—”) (1+4n) (1—n)+(1+n)]
e
=

For n = 1, you can easily show that by = 0. Thus the sine Fourier series is

o0 o0

2 1+ (-1)" 4 koo
; ;nﬁ SINNT = ; Z @I{)Tl SIH(QkSC).

k=1

bk _]=2k/Pi (1 + (-1)Ak)/ (kA2-1);

ss[n_, x_ ] := Sum[b[k] Sin[kx], {k, 2, n}];
partialsineseries = Table[ss[n, x], {n, 5, 30, 5}];
f[x ] = Cos[x]

Plot[Evaluate[{partialsineseries, £[x]}], {x, 0, Pi}]

1

7. The even extension is the function | cosz|. This is easily seen by plotting the
graph. The cosine series is (Exercise 8, Section 2.2):

2 4 (—1)n
| cos x| — ngzl G =1 cos(2nz)
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Hence the steady-state solution is

1 1 4 1.
Yp = —35 cost + < sint + — cos 2t — ——sin 2¢.

8 8 65 130
(b) We have
1costJrls t+ 4 cos 2t — ! ——ssin 2t
= -3 < Sin - 1n
v 8 8 65 130 ’
1 1 1
(yp) = gsint+§costf;—5$in2tf&cos%,
1 1 1 2
(yp)" = gcostf§s1ntf£cos2t+&sm2t
1 4 5 1 4 5\ .
(yp)" +4(yp) + 5y, = (nggg)COStJr(ngngg)Smt
i 2 32 9 + 16 4 20 -
r T ap S —— — — + —— ] cos
65 65 130)°" 65 65 65
2 2
= s1nt+(7—52—5130>sm2t —sin 2t

which shows that 7, is a solution of the nonhomogeneous differential equation.

9. (a) Natural frequency of the spring is

k
wo = \/i =v10.1 =~ 3.164.
o

(b) The normal modes have the same frequency as the corresponding components
of driving force, in the following sense. Write the driving force as a Fourier series
F(t) = ao 4+ Y .2 fa(t) (see (5). The normal mode, y,(t), is the steady-state
response of the system to f,,(¢). The normal mode y,, has the same frequency as
fn- In our case, F is 2m-periodic, and the frequencies of the normal modes are
computed in Example 2. We have wa,,11 = 2m + 1 (the n even, the normal mode
is 0). Hence the frequencies of the first six nonzero normal modes are 1, 3, 5, 7, 9,
and 11. The closest one to the natural frequency of the spring is ws = 3. Hence, it
is expected that y3 will dominate the steady-state motion of the spring.

13. According to the result of Exercise 11, we have to compute ys3(t) and for this

purpose, we apply Theorem 1. Recall that y3 is the response to f3 = 5—sin3t, the

component of the Fourier series of F'(t) that corresponds to n = 3. We have az =0,

by = 2, =1, c= .05 k=10.01, A3 = 10.01 — 9 = 1.01, By = 3(.05) = .15,
—Bsbs —(-15)(4)/(3m) Asbs

_ _ ~—.0611 and Bs = —2 _ ~ 4111
T A2 r B2 (1.01)2+ (.15)2 0611 and /s As + B2

So
ys = —.0611 cos 3t 4 .4111 sin 3¢.

The amplitude of ys is v.0611%2 + 41112 ~ .4156.

17. (a) In order to eliminate the 3rd normal mode, y3, from the steady-state
solution, we should cancel out the component of F' that is causing it. That is, we
must remove f3(t) = 2823t Thus subtract 2823 from the input function. The
modified input function is

4sin 3t
F(t) - ——.

Its Fourier series is he same as the one of F', without the 3rd component, f3(t). So
the Fourier series of the modified input function is

(2 1t
x Sln " L2 Z 81n2mm+—|-1
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series that we found in Exercise 8, Section 2.4. We have, for 0 < x <,

[ee]
rsinz = gsinx - %Z 1+ (—=1)"] (nznfl)zsinnx.
n=2
Let © = wt. Then, for 0 <t < 1,
T 4 & n
mtsinmt = 5 sinmt — — nz_:z 1+ (—=1)"] mE—1)2 sinnmt.

Equivalently, for 0 < z < 1,

1 1 -
rsinmx = 5 sinx — - Z::z 14 (—1)"] ﬁ sinnmz.

n

So
1 —4n
bi=g and by =L+ (-] Sy (n>2).
Thus
(@, 1) sinTzcost 4 — [+ (—1)"] n in( ) cos(nt)
- 2T — ————sin(nw n
u\x, 2 7T2 ~ (nQ _ 1)2 S X ) COS
sinTzcost 16 n .
- —5 =3 ETEEEE sin(2nmx) cos(2nt).
n=1

(b) Here is the initial shape of the string.

Clear[partsum, n, t, £]
Clear[f]
f[x ] =xSin[Pi x]
partsum[x_, t_] =
Sin[Pix] Cos[t] /2 -16/PiA2Sum[ Sin[2nPix] Cos[2nt]ln/ (4nA2 - 1)A2
, {n, 1, 10}];
Plot[Evaluate[{partsum[x, 0], £[x]}], {x, 0, 1}, PlotRange -» All]

x Sin [ x]

Download full file from answersun.com

9. The solution is

u(x, t) = Z sin(nmx) (by, cos(nwt) + by, sin(nwt)),

n=1
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Chapter 7 The Fourier Transform and its Applications

Solutions to Exercises 7.4

1. Repeat the solution of Example 1 making some adjustments: ¢ = 3, g,(z) =
NP
V2%

t 3

u(z, t) [ gi(x)

1 [ V2
- = / RENE
20 [*
N
20 [

= ﬁ % 671} dS
= 10 (erf(%)—erf(%)).

3. Let us use an approach similar to Example 2. Fourier transform the boundary
value problem and get:

L iw, 1)

dt
u(w, 0) =

_ (z—s)?
t

_(z—s)2 xr— S
t

ds (v=

—w?t(w, t)

22

w2
F(70e”7)="70e 7.

Solve the equation in u:

Apply the boundary condition:

w2

ﬁ(w, t) = T70e” 2 )e*“ﬂt _ 70€7w2(t+%)_

Inverse Fourier transform:

1 1
uz, ) = F (7oe*w2<t+%>) (5 =t+3)
70 1 _w? 1
- = Va1 1 ) -
e (varsTe s =57
0 _a?
= e ZRHD
V2t +1
where we have used Theorem 5, Sec. 7.2.
5. Apply (4) with f(s) = s%
u(z, t) = frg(x)
1 1 w2
= —= —= s‘e” Tt ds.
\/ﬂ V2T /_oo

You can evaluate this integral by using integration by parts twice and then appealing
to Theorem 5, Section 7.2. However, we will use a different technique based on the
operational properties of the Fourier transform that enables us to evaluate a much
more general integral. Let m be a nonnegative integer and suppose that f and
s™ f(s) are integrable and tend to 0 at +00. Then

% /_ Z s f(s)ds = (i)" [ df;ﬂ

This formula is immediate if we recall Theorem 3(ii), Section 7.2, and that

F(7)w)|

w=0

o~

o)== [ " o(s) ds.
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49.3y" + 13y + 10y =sinz, y =¢e .

As in the previous exercise, let
yl — efm, y — vefm, y/ — ,U/efm _ vefm, y// — ,U//efm _ 2’0/67I _|_ ’Ueim.
Then

3y + 13y + 10y =sine = 3@'e " —20'e” " +ve )
+13(v'e™™ —ve™) + 10ve™™ = sinx
= W'+ =¢e"sinw

7 1
= '+ gv/ = gem sinx.

We now solve the first order o.d.e. in v':

e7m/3,U//_|_ze’Ym/B,U/ _ €7m/3l€mSiH{E

di[e”/gv’} _ %elom/ssmx

T
1 1

T3y = g/gelom/gsmxdaj
1 e!%/3 10
= - (—si — C
3(13_0)2+1( g sinz cos) +
o= %w(lOsinxfgcos)JrC.

(We used the table of integrals to evaluate the preceding integral. We will use it
again below.) Integrating once more,

v o= e sinx dr — e® cosx dx

109 327

10 e”, . 9 e .
@?(SIHIE*COS:E)*ﬁ;(COSSE#’SIHZE)‘FC

10 . 9 . —a
y = vy = ﬁ(smx —cosx) — @(cosaﬂrsmx) +Ce
13

+ - sinz+ Ce®
= — —— COS — S .
918 (BT T g M T e

50. 2y — (1+2)y +y=2123 y =e*. We have

y1 = €%, y=wve", y =ve’ +ve, iy =v"e” + 20'e” + ve”.
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