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2 Solutions to Exercises

Problem Set 1.1, page 8

1 The combinations give (a) aline R®* (b) aplaneirR® (c) all of R3.

2 v+ w = (2,3)andv — w = (6, —1) will be the diagonals of the parallelogram with
andw as two sides going out frortd, 0).

3 This problem gives the diagonals+ w andv — w of the parallelogram and asks for
the sides: The opposite of Problem 2. In this exampte (3, 3) andw = (2, —-2).

4 3v+w= (7,5 andcv +dw = 2c +d,c + 2d).

5u+v=(-2,31andu+v+w = (0,0,0) and2u+2v+w = (add first answeps=
(—=2,3,1). The vectorst, v, w are in the same plane because a combination gives
(0,0,0). Stated another wayt = —v — w is in the plane ob andw.

6 The components of everyw + dw add to zeroc = 3 andd = 9 give (3,3, —6).

7 The nine combinations(2, 1) + d(0, 1) with¢ = 0, 1,2 andd = (0, 1, 2) will lie on
a lattice. If we took all whole numbersandd, the lattice would lie over the whole
plane.
8 The other diagonal is — w (or elsew — v). Adding diagonals give3v (or 2w).
9 The fourth corner can b, 4) or (4,0) or (-2, 2). Three possible parallelograms!
10 i —j = (1,1,0) isin the basex-y plane).i +j +k = (1,1, 1) is the opposite corner
from (0,0, 0). Points in the cube have< x < 1,0 <y <1,0<z < 1.
11 Four more cornersl, 1,0), (1,0, 1),(0,1,1),(1,1,1). The center point ig1, 1, 1).
Certers of faces ar¢l, 1.0). (3, 4. 1) and(0,3.1).(1,3. Hyand (3.0. 1), (3. 1. D).
12 A four-dimensional cube ha&' = 16 corners an@ - 4 = 8 three-dimensional faces
and24 two-dimensional faces ari® edges in Worked Examplz4 A.
13 Sum= zero vector. Sum= —2:00 vector= 8:00 vector. 2:00 is 30° from horizontal
= (cos%.sin %) = (+v/3/2,1/2).
14 Moving the origin t06:00 addsj = (0, 1) to every vector. So the sum of twelve vectors
changes fron®dto 12 = (0, 12).

.3 I .
15 The pomtzv + it is three-fourths of the way te starting fromw. The vector

1 1 . 1 1 .
—v + —w is halfway tou = v + i The vector + w is 2u (the far corner of the
parallelogram).

16 All combinations withc + d = 1 are on the line that passes throughand w.
The pointV = —v + 2w is on that line but it is beyond.

17 All vectorscv + cw are on the line passing through, 0) andu = %v +
line continues out beyond + w and back beyond, 0). With ¢ > 0, half o
is removed, leaving eay that starts a0, 0).

18 The combinationsv + dw with0 < ¢ < 1 and0 < d < 1 fill the parallelogramwith
sidesv andw. For example, iv = (1,0) andw = (0, 1) thencv + dw fills the unit
square.

19 With ¢ > 0 andd > 0 we get the infinite “cone” or “wedge” betweanandw. For
example, ifv = (1,0) andw = (0, 1), then the cone is the whole quadrant= 0,
y > 0. Question What if w = —v? The cone opens to a half-space.

w. That
this line
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50 Solutions to Exercises

1 0 0 1 0 0911 2 4
23 Youcanseewhy, = |:Oi|,q2 = |:Oi|,q3 = |:1]A = [O 0 1} [O 3 6} =
0 1 0 0 1 0JLO O 5
OR.

24 (a) One basis for the subspaSeof solutions tox; + x; + x3 — x4 = 0isv; =
(1,-1,0,0),v, = (1,0,—1,0),v3 = (1,0,0, 1) (b) SinceS contains solutions to
(1,1,1,-1)Tx = 0, a basis foS ~is (1,1,1,—1) (c) Split(1,1,1,1) = by + b,
by projection onS+ andS: b, = (3,1, 1. —-Lyamds, = (1.1.1.3).

25 This question showg by 2 formulas for QR; breakdownR,, = 0 when 4 is sin-

2 1 I [2 -1 I [5 3 . 1 1 I [1 -1
I e e R
L [2 2

NACK

:
26 (q3C*)q, = %B becausey, = ﬁ and the extrag, in C* is orthogonal tag,.

]. The Gram-Schmidt process breaks down whén- bc = 0.

27 Whena andb are not orthogonal, the projections onto these lad®aot addo the pro-
jection onto the plane af andb. We must use the orthogondland B (or orthonormal
¢, andg,) to be allowed to addD projections.

28 There arenn multiplicationsin (11) anc%mzn multiplications in each part of (12).

29 ¢, = 3(2.2,-1),q, = 1(2.-1,2), ¢35 = 1(1,-2,-2).

30 The columns of the wavelet matri¥’ are orthonormal ThenW~! = WT. See
Section 7.2 for more about wavelets : a useful orthonormal basis with many zeros.

31 (@) ¢ = % normalizes all the orthogonal columns to have unit length (b) The pro-
jection (a"b/a"a)a of b = (1,1,1,1) onto the first column i, = 1(-1.1,1,1).
(Checke = 0.) To project onto the plane, agd, = %(1,—1, 1,1) to get(0,0,1,1).

1 0 0
32 0= [(1) _(1)} reflects across axis, 0, = [O 0 —1} across plang +z = 0.
0 -1 0

33 Orthogonal and lower triangulas +1 on the main diagonal and zeros elsewhere.

34 (@) Qu = (I —2uu")u = u — 2uu'u. This is —u, provided thatu"u equalsl
(b) Qv =( —2uu")v = u —2uu"v = u, provided that:"v = 0.

35 Starting fromA = (1,—1,0,0), the orthogonal (not orthonormal) vectols =
(1,1,-2,0)andC =(1,1,1,-3)andD =(1, 1, 1, 1) are in the directions af ,, ¢ 5, q 4-
The4 by 4 and5 by 5 matrices withinteger orthogonal column@®ot orthogonal rows,

1 1 I 1

—1 1 1
0 -2
0 0

since not orthonormap!) are | A B C D | = and

1
I 1
-3 1

SO O~

SO N — =
|

S W = ==
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90 Solutions to Exercises

7 UU~! = I: Back substitution need§j2 multiplications on columry, using the;j
by j upper left block. Therd (12 4 22 + --- + n?) ~ 1(3n%) = total to findU .

1 0 2 2 2 2 . 0 1 1 0],
8[2 2]—>[1 O:|_>[O _1:|:UW|thP:[1 O]andL:[.5 1:|,

2 20 2 20 2 20 2 20
A—- |1 0 1| -0 -1 1] >0 2 O0f— 10 2 0| = U with
0 2 0 0 2 0 0 -1 1 0 0 1

0 1 0 1 0 0
P=]|0 0 1:|andL=|:0 1 0:|.
1 0 0 5 —5 1
1 1 0 O
1 1 1 0
9 A= 01 1 1 has COfaCtOfflg, =C31 =Cy =Cyqp =1 andC14 =Cy =
0 0 1 1

—1. A~V is a full matrix!

10 With 16-digit floating point arithmetic the errofix — x computed for e = 1073, 1076,
1072, 10712, 10715 are of ordern 06, 10711, 1077, 1074, 1073,

B o C o [ 3 - [0 14
11 (a) co® = 1/4/10, S|n9_—3/m,R_m[_3 1}[3 5]_m[0 8]

(b) A has eigenvaluesand?2. Put one of the unit eigenvectors in rdvof Q: either
|1 =1 1|2 -4 1 |1 =3 1
Q‘ﬁ[l 1]andQAQ _[O 4] orQ_ﬁ[3 1}andQAQ =

3

12 When 4 is multiplied by a plane rotatio®;;, this changes then (not»2) entries in
rowsi andj. Then multiplying on the right byQ;;)~! = (Q;;)" changes thén
entries in columng and; .

13 Q;; A usestn multiplications (2 for each entry in rowsand; ). By factoring out co#,
the entries 1 and: tand need only2rn multiplications, which leads tén3 for OR.
14 The (2,1) entry of 0514 is %(— sin® + 2cosf). This is zero if sifh = 2cosH or
tand = 2. Then the2, 1, /5 right triangle has siff = 2/+/5 ard cosf = 1/+/5.
Every 3 by 3 rotation with detD = +1 is the product o8 plane rotations.

15 This problem shows how elimination is more expensive (the nonzero multipliers are
counted bynnz(L) andnnz(L L)) when we spoil the tridiagonat by a random per-
mutation.

If on the other hand we start with a poorly ordered makfixan improved ordering
is found by the codsymamddiscussed in this section.

16 The “red-black ordering” puts rows and columin® 10 in the odd-even orddr, 3, 5, 7,
9,2,4,6,8,10. WhenK is the—1, 2, —1 tridiagonal matrix, odd points are connected
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