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(b) In the same way, we can show that

2122, =4 25" L, (n=2,3,...).

This is true when n=2 (Sec. 5). Assuming that it is true when n = m, we write

212y ZonZmst =223 2 )y = (232477 2) Zpa

= (EIEZ I A )zm+l = 2"12'2 mfmﬂ -

Z+2

14. The identities (Sec. 5) zZ =IzI* and Rez = enable us to write 1z —zl=R as

(z~2z,(z-%,) =R,
Z ~ (22 + 22, ) + 207, = R,
12" — 2Re(zZ, ) + 12, = R”.

15. Since x = Ak and y= E_;.E., the hyperbola x’ —=y* =1 can be written in the following
ways:
(5.:&_%_) _ (5:_%_) -1
2 2i ’
C+22+7 2 -2a+T
4 4 ’
22" +27 ,
4 2
2P+78=2
SECTION 7
1. (a) Since
arg( " f_ 21_) =argi—arg(-2 - 2i),
{ - 3 57 .. .
one value of arg( ) 1§ — — (—-—-—-—), or —. Consequently, the principal value is
-2 — 2i 2 4 4
Sm 3n
—— =27, or ——,
4 4
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If the Cauchy-Riemann equations «, =v,, u, =—v, hold, then
sinxcoshy=0 and cosxsinhy=0.

The first of these equations tells us that sinx =0, or x=nx(n=0,£1,%£2,...). Since
cosnr#0, it follows that sinhy=0, or y=0. Consequently, the Cauchy-Riemann
equations hold only when

Z=nw (n=0x1=%2,..).

So there is no neighborhood throughout which f is analytic, and this means that cosZ is
nowhere analytic.

16. (a) Use expression (12), Sec. 33, to write

cos(iz) = cos(—=y +ix) =cos ycoshx —isin ysinh x
and

cos(iZ) = cos(y +ix) = cos ycosh x —isin ysinh x.

This shows that cos(iz) =cos(iZ) for all z.

(b) Use expression (11), Sec. 33, to write

sin(iz) = sin(—y + ix) = —sin y cosh x ~ i cos ysinh x
and
sin(iz) = sin(y + ix) = sin ycosh x + i cos ysinh x.

Evidently, then, the equation sin(iz) = sin(iZ) is equivalent to the pair of equations

sinycoshx =0, cosysinhx =0,

Since coshx is never zero, the first of these equations tells us that siny=0.
Consequently, y=n7r (n=0,%x1,%£2,...). Since cosnzm=(-1)"#0, the second
equation tells us that sinhx=0, or that x=0. So we may conclude that
sin(iz) = sin(iZ) if and only if z=0+inzw =nmi (n=0,+1,+2,...).

17. Rewriting the equation sinz =cosh4 as sinxcoshy+icosxsinhy = cosh4, we see that we

need to solve the pair of equations

sinxcoshy=cosh4, cosxsinhy=0
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(c) Note that
(-1 _(s=D"(s+D"_ (s+1)
(5—1)n+1 (3—1)n+1 s—1 *
Referring to the final result in part (b), then, we have
_ (S ""1) (S+1) n o__ —
P ()= 2,”_, j'c( —1)’”" == mjc - nz =1 (n=0,12,...).
Also, since
(.s' -1)" (s 1) (s +1)" (s-—l)"'
+)™ (s+D™ s+1 '
we have
o] (s* —1) _ 1 1 ¢ (s=1) _i_ A AN (o —
(D= 2" i ‘3'(s+1)"'”"1 2" ijc s+1 _'2"( =D (=012,
9. We are asked to show that
fﬂ(z)_____ f(.f)ds
<(s—2z)°

(a) In view of the expression for f'(z) in the lemma,

fle+A)—f'(z5) _ 1 1 __ 1 )fwds
Az 2rid|(s—z—Az) (s-2) ] Az
_ 1 2s-2)-Az
2mig (s—z—Az)’ (s — 2)° 3/ (8)ds.
Then
f(z+Az) -f'(2) fo)ds 1 | 2As-2)-Az 2
- === - ds
‘[(s ~z)’ 2:lt:i'G"_(.';—z--Az)z(.';---z)2 (s—z)s]f(s)

_1 1 ¢ 3(s—2)Az—2(Az)
2mi L (s—z2—-Az)* (s - 2)°

5[ (s)ds.
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(b) When f(2)= =, we have
14z
1 (1 1 1
—_— ] -~ | = ] =1~ 2 4“_...
. f(z) 1422 1-(2) Z'+z (0<izi<1).
Thus
ch(z)dz 2miRes — f(l)=2m'(0)=o_
z2=() Z
(c) If f(z)--—, it follows that -—-f( )—-1- Evidently, then,
Z
1 (1 : :
J.f(Z)dZ=2?FIRes— -—-)=2?R(1)=2m
¢ =0 z°"\z

4. Let C denote the circle lzl=1, taken counterclockwise.

n

(a) The Maclaurin series ¢° = Z—-—- (Izl< =) enables us to write
n=0 n

jcxp(z+ )dz Ie*e"‘dz I ”";n—dz 2 Iz eXp(l)dz

(b) Referring to the Maclaurin series for e* once again, let us write

" 1) ~1 1 &1 ..,
zexpl—|=z ——= " n=012,...).
p(z 27 27 ( )
Now the H in this series occurs when n—k=-1, or k=n+1. So, by the residue

Z
theorem,
1

|z exp( ]dz-—- n=0,12,...).

(n+1)!

The final result in part (a) thus reduces to

J exp(z + — Z)dz ZmZ

n=0 n '(H + 1)'
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Chapter 7

SECTION 72

1. To evaluate the integral j , we integrate the function f(z)= fl around the simple

0 .xz +1 z +1
closed contour shown below, where R> 1.

We see that
R
dx
-:[Rx2+l+jcazz+ =2mb,
where
B=Res 21 = Res .1 =—'1_:l =_1_'
=ioz" 41l = (z—i)z+i) z4il 20
Thus
"f dx e dz
x:+1 Caz”+1

Now if zis a point on C,,

122+ U2z =1I= R? ~1;

and so
(4
d | 7R R
> = > o0
B o A S
RZ
Finally, then
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6. (a) Letus first use the branch

1
Z..yg cXp ("" 5 Iﬁg Z)
[(@)=——=

z°+1 P +1

L
‘l—

w 37
zI> 0, ——<argz < —
(" y SHEL 2]

and the indented path shown below to evaluate the improper integral

T dx
s Vx(x+1)

y

~R P 0 P R x
Branch cut

Cauchy's residue theorem tells us that

J, f@dz+ [, f@yde+ [, f@de+ [, f@)de=2miRes fo)

I=!

Jf@dz+] f@dz=27iResf()- [ f@)dz- [ f(2)dz.
Since

L:z=re®=r(p<r<R) and —-L:z=re"=-r(p<r<R),
we may write

""'__i_f_ dr =(1_i)j5 dr
+1) 2 Vr(r? +1) S Nr(r? +1)

r

R
d
qu f(2)dz +IL: J@)i= ! Vr(r?

Thus

g d .
(1 -1)!-—\/—;-(]_:_'_ D = 2mI§gsf(z)—-Lp f(::)dz--"'cll f(2)dz.
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